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NEIGHBOURHOOD DEGREE MATRIX OF A GRAPH

B. BASAVANAGOUD∗ AND PRAVEEN JAKKANNAVAR1

Abstract. In this note, we define a new graph matrix called neighbourhood

degree matrix of a graph G and study its properties. The relations connect-

ing this matrix with some degree-based topological indices are investigated.
In addition, we present bounds for the spectral radius of neighbourhood de-

gree matrix and neighbourhood degree energy of graphs and we express the

neighbourhood degree energy of some transformation graphs in terms of neigh-
bourhood degree energy of the graph considered for the transformation.

1. Introduction

Throughout this paper, by a graph G we mean a finite undirected graph without
loops and multiple edges. Basic graph theoretic terminologies and notations can be
found in [2, 4, 9, 11].

Let G = (V,E) be a graph of order n and size m. Let V (G) = {v1, v2, ..., vn} be
the vertex set and E(G) = {e1, e2, ..., em} be an edge set of G. The degree dG(v)
of a vertex v ∈ V (G) is the number of edges incident to it in G. For a vertex
vi, i = 1, 2, ..., n, we denote di = dG(vi). The graph G is r-regular if and only if the
degree of each vertex in G is r.

Topological indices are numerical values associated with the molecular graphs.
In mathematical chemistry, these graph invariants are known as molecular descrip-
tors. Topological indices play a vital role in mathematical chemistry specially, in
chemical documentation, isomer discrimination, quantitative structure-property re-
lationships (QSPR) and quantitative structure-activity relationships (QSAR) anal-
ysis. Wiener index is the first topological index used by Wiener [19] in the year
1947, to calculate boiling point of paraffins. Later, Gutman et al. [7] defined Zagreb
indices in 1972, which now are most popular and have many applications in chem-
istry. The first and second Zagreb indices of a graph G are defined respectively as
follows:

M1(G) =
∑

vi∈V (G)

dG(vi)
2 and M2(G) =

∑
vivj∈E(G)

dG(vi) · dG(vj).

The multiplicative versions of these two Zagreb indices are defined in [17, 18] as
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Π1(G) =
∏

vi∈V (G)

dG(vi)
2 and Π2(G) =

∏
vivj∈E(G)

dG(vi) · dG(vj).

The vertex-degree-based graph invariant,

F (G) =
∑

vi∈V (G)

dG(vi)
3 =

∑
vivj∈E(G)

[dG(vi)
2 + dG(vj)

2]

was encountered in [7]. This index is called “forgotten topological index”[5].
Randić [13] introduced the most chemically efficient topological index called Randić
index which is defined as

R(G) =
∑

vivj∈E(G)

[dG(vi) · dG(vj)]
− 1

2 .

Later, Bollobás et al. in [3] extended this concept to general product-connectivity
index which is defined as

Rα(G) =
∑

vivj∈E(G)

[dG(vi) · dG(vj)]
α, α ∈ R.

For an α ∈ R, the first general Zagreb index [12] of a graph G is defined as

Mα
1 (G) =

∑
vi∈V (G)

dG(vi)
α.

2. Motivation

In literature of graph matrices, we can find huge number of matrices associated
with graph namely, adjacency matrix, Laplacian matrix, maximum degree matrix
etc. One can refer [4, 8] for graph matrices. Recently, the concepts of degree
sum matrix [14], degree exponent matrix [15] etc., were put forward. Nowhere we
find a matrix defined with its entry as the degree of the vertex rather we can see
some of them have used one, or maximum degree, or minimum degree, or degree
exponent etc., which is quite interesting. To study effect of the degree of vertices
on the matrix and its properties, we now define the neighbourhood degree matrix of
a graph G as an n× n matrix ND(G) = [(nd)ij ], whose elements are defined as

(nd)ij =

{
dj if vivj ∈ E(G),
0 otherwise.

Let I be the identity matrix and J be the matrix whose all entries are equal to 1.
The neighbourhood degree polynomial of a graph G is defined as

PND(G; ξ) = det(ξI −ND(G)).

The eigenvalues ξi, i = 1, 2, ..., n of the matrix ND(G) are called the neighbour-
hood degree eigenvalues of G and their collection is called the neighbourhood degree
spectra of G. If G is an r-regular graph, then ND(G) = rA(G), where A(G) is an
adjacency matrix of G. The neighbourhood degree energy END(G) of a graph G is
defined as

END(G) =

n∑
i=1

|ξi|.

The norm [1] of a matrix is the square root of the sum of squares of all entries in
the matrix.
Interestingly, the neighbourhood degree matrix is useful to find various novel topo-
logical indices, to say a few Zagreb indices, forgotten topological index, first general
Zagreb index and general product-connectivity index etc. We can observe that the
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Figure 1. The plot showing the comparision between neighbour-
hood degree energy (NDE), adjacency energy (AE), and the degree
exponent energy (DEE) of octane isomers.

matrix operations are simpler than the vertex partitions and edge partitions which
are required to find these degree-based topological indices. The neighbourhood
degree energy lies between the energy EA(G) of a graph G corresponding to its
adjacency matrix and the degree exponent energy EDE(G). i.e.,

EA(G) ≤ END(G) ≤ EDE(G). (2.1)

The equality for left hand side of (2.1) holds, if G is 1-regular and the equality for
right hand side of (2.1) holds, for K2. We compare these three energies of octane
isomers and the comparision is shown in Figure 1.

Figure 2. Scatter diagram of DHVAP on NDE and on AE super
imposed by the fitted regression line.
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Table 1. Experimental values of the DHVAP and the correspond-
ing value of NDE and AE of octane isomers.

Alkane DHVAP NDE AE
n-octane 9.915 17.0791 9.51754

2-methyl-heptane 9.484 17.5271 8.76257
3-methyl-heptane 9.521 17.2538 9.40926
4-methyl-heptane 9.483 16.5543 8.82843

3-ethyl-hexane 9.476 15.2603 8.5872
2,2-dimethyl-hexane 8.915 16.3291 8.31285
2,3-dimethyl-hexane 9.272 16.7234 8.64705
2,4-dimethyl-hexane 9.029 16.5169 8.56519
2,5-dimethyl-hexane 9.051 16.4258 8.47214
3,3-dimethyl-hexane 8.973 16.8636 8.70531
3,4-dimethyl-hexane 9.316 17.536 5.14115

2-methyl-3-ethyl-pentane 9.209 15.5382 7.66299
3-methyl-3-ethyl-pentane 9.081 16.9097 9.2915
2,2,3-trimethyl-pentane 8.826 16.7167 8.26113
2,2,4-trimethyl-pentane 8.402 15.4548 7.38465
2,3,3-trimethyl-pentane 8.897 16.9018 8.37513
2,3,4-trimethyl-pentane 9.014 16.8129 8.42429

2,2,3,3-tetramethylbutane 8.41 16 7.2111

Now, we discuss the linear regression analysis of NDE and AE with standard en-
thalpy of vaporization (DHVAP) of octane isomers. The NDE and AE are tested us-
ing a dataset of octane isomers found at http://www.moleculardiscriptors.eu/dataset.htm.
The dataset of octane isomers(columns 1 and 2 of Table 1) are taken from above
web link whereas the last two column of Table 1 are computed by definition of
NDE and AE, respectively. Here, the correlation between standard enthalpy of
vaporization (DHVAP) and NDE is 0.4054488 (See Fig. 2) while the correlation
between standard enthalpy of vaporization (DHVAP) and AE is 0.3866829 (See
Fig. 2). Therefore, the correlation of NDE with DHVAP is better than that of the
adjacency energy (AE).

All these observations regarding the neighbourhood degree matrix motivated us
to define and study its properties. The graph obtained by identification of the grah
G with the graph H is denoted by G ·H [9].

Example 1. subsectionExample If G = K2 ·K3 (see Figure 3(a)) is a graph, then
the neighbourhood degree matrix is:

ND(G) =


0 3 0 0
1 0 2 2
0 3 0 2
0 3 2 0

 ,
the neighbourhood degree polynomial is: PND(G; ξ) = ξ4 − 19ξ2 − 24ξ − 12,
neighbourhood degree eigenvalues are: ξ1 ≈ 4.842, ξ2 ≈ 0.384, ξ3 = −2.000 and
ξ4 ≈ −3.226,
neighbourhood degree energy of G is: END(G) ≈ 10.452,
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Figure 3. (a) The graph G = K2 ·K3 and (b) the graph H.

and the energy corresponding to adjacency matrix is: EA(G) ≈ 4.96239,
and the degree exponent energy is: EDE(G) ≈ 29.2916.

Example 2. If H (see Figure 3(b)) is a 3-regular graph, then the neighbourhood
degree matrix is:

ND(H) =


0 3 0 3 0 3
3 0 3 0 0 3
0 3 0 3 3 0
3 0 3 0 3 0
0 0 3 3 0 3
3 3 0 0 3 0

 ,

the neighbourhood degree polynomial is: PND(H; ξ) = ξ6 − 81ξ4 − 108ξ3 + 972ξ2,
neighbourhood degree eigenvalues are: ξ1 = 9, ξ2 = 3, ξ3 = 0, ξ4 = 0, ξ5 = −6, ξ6 =
−6,
the neighbourhood degree energy of H is: END(H) = 24,
the energy corresponding to adjacency matrix is: EA(H) = 8,
and the degree exponent energy is: EDE(H) = 270.

3. Properties of neighbourhood degree matrix of a graph

Observation 1. In the matrix ND(G), the degree di of vertex vi ∈ V (G) appears
di times in the ith column.

Theorem 3.1. If G is a simple (n,m)-graph, then

(i) The principal diagonal entries of ND(G) are zeros.
(ii) Trace(ND(G)) = 0.

(iii)
n∑
i=1

n∑
j=1

(nd)ij =
n∑
i=1

dG(vi)
2 = M1(G).

(iv) [Norm(ND(G))]2 = F (G).

(v)
n∑
i=1

n∑
j=1

(nd)αij =
n∑
i=1

dG(vi)
α = Mα

1 (G).
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(vi)
n∏
i=1

n∏
j=1

(nd)ij =
n∏
i=1

dG(vi)
2 = Π1(G).

Proof. The results (i) and (ii) are immediate from the definition of neighbourhood
degree matrix. From Observation 1, we get

n∑
i=1

(nd)ij = d2j for j = 1, 2, ..., n.

Therefore,
n∑
i=1

n∑
j=1

(nd)ij =

n∑
i=1

d2i = M1(G).

And

[Norm(ND(G))]2 =

n∑
i=1

n∑
j=1

(nd)2ij =
n∑
i=1

di(d
2
i ) = F (G).

Similarly, one can easily obtain the result (v) and (vi). �

Theorem 3.2. If G is an r-regular graph, then

ND(G) = rA(G),

where A(G) is an adjacency matrix of G.

Proof. If G is an r-regular graph, then ND(G) = [(nd)ij ], whose elements are
defined as

(nd)ij =

{
r if vivj ∈ E(G),
0 otherwise.

From this fact one can observe that

(nd)ij = raij ,

where aij are the entries in the adjacency matrix A(G) of the graph G. Thus, we
can have the desired result. �

Theorem 3.3. If G is a complete graph of order n, then

PND(G; ξ) = (ξ − (n− 1)2)(ξ + n− 1)n−1.

Proof. Suppose G is a complete graph. Then we have

ND(G) = (n− 1)(Jn − In),

where Jn is the matrix of order n whose all entries are 1′s. From which we can
arrive at the desired result. �

Theorem 3.4. The sum of 2 × 2 principal minors of ND(G) equals the negative
of second Zagreb index of G.

Proof. Clearly for a graph G, ND(G) is a square matrix with zeros on the principal
diagonal. For i 6= j, the principal submatrix of ND(G) formed by the rows and the
columns i, j is the zero matrix, if vivj /∈ E(G) (nonadjacent vertices). Otherwise, it

equals

[
0 dj
di 0

]
. The determinant of this submatrix is −didj . Thus, the sum

of 2× 2 principal minors of ND(G) equals

−
∑

vivj∈E(G)

di · dj = −M2(G).
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�

Corollary 3.5. The product of 2×2 principal minors of ND(G) equals the negative
of second multiplicative Zagreb index of G if m (i.e., the number of edges of G) is
odd and it equals second multiplicative Zagreb index of G otherwise.

Corollary 3.6. If G is an r-regular graph, then the sum of 2× 2 principal minors
of ND(G) equals −r2|E(G)|.

Corollary 3.7. If Ka,b is a complete bipartite graph, then the sum of 2×2 principal
minors of ND(Ka,b) equals −(ab)2.

Corollary 3.8. The sum of αth, (α ∈ R) powers of 2×2 principal minors of ND(G)
equals (−1)αRα(G), where Rα(G) is the general product-connectivity index of G.
If α = − 1

2 , then we get Randić index of G.

Theorem 3.9. For any positive integer n, the neighbourhood degree eigenvalues of
Kn are (n− 1)2 with multiplicity 1 and −(n− 1) with multiplicity (n− 1).

Proof. First consider Jn, the n×nmatrix with all entries equals 1. It is a symmetric,
rank 1 matrix, and hence it has only one nonzero eigenvalue which must equals the
trace. Thus, the eigenvalues of Jn are n with multiplicity 1 and 0 with multiplicity
(n − 1). Since ND(Kn) = (n − 1)(Jn − In), the eigenvalues of ND(Kn) must be
(n− 1)2 with multiplicity 1 and −(n− 1) with multiplicity (n− 1). �

Theorem 3.10. For any positive integers a and b, the neighbourhood degree eigen-
values of a complete bipartite graph Ka,b are ab,−ab, and 0 with multiplicity (a +
b− 2).

Proof. To prove this, we consider

ND(Ka,b) =

[
0 Jaab
Jbba 0

]
,

where Jxmn is a matrix of order m× n with all entries equal to x.
Now,

rank[ND(Ka,b)] = rank[Jaab] + rank[Jbba] = 2.

Hence, ND(Ka,b) must have precisely two nonzero eigenvalues. These must be of
the form ξ and −ξ, since the trace of ND(Ka,b) = 0. The sum of 2 × 2 principal
minors of ND(Ka,b) equals −(ab)2. This sum also equals the product of the eigen-
values, taken two at a time, which is −ξ2. Thus, ξ2 = (ab)2 and the eigenvalues
must be ab,−ab, and 0 with multiplicity (a+ b− 2). �

Let G = (V,E) is a graph with vertex set V (G) and an edge set E(G). An
elementary subgraph H of G is a subgraph of G which has either an edge or a
cycle as its components. Denote by r(H) and c(H), the number of components
in a subgraph H which are edges and cycles, respectively. The graph G and its
elementary subgraphs with n vertices where n = 2, 3, 4 are shown in figure 4.

Theorem 3.11. If G is an r-regular graph with n vertices {1, 2, ..., n} and ND(G)
is the neighbourhood degree matrix of G, then

det(ND(G)) = rn
∑

(−1)n−r(H)−c(H)2c(H),

where the summation is taken over all spanning elementary subgraphs H of G.
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Figure 4. The graph G and its elementary subgraphs.

Proof. If G an r regular graph, then from Theorem 3.2 we have

ND(G) = rA(G).

Therefore,

det(ND(G)) = rn
∑
π

sgn(π)a1π(1)...anπ(n),

where the summation is taken over all permutations π of 1,2,...,n.
Consider a term a1π(1)...anπ(n), which is nonzero. Since π admits a cycle decom-
position, such a term will correspond to an edge joining vi and vj in G which are
reflecting some 2-cycles (ij) of π, as well as some cycles of higher order, which
corresponds to the cycles in G where π(i) 6= i for any i. Thus, each elementary
subgraph of G with vertex set V (G) gives rise to a nonzero term in the summation.
Suppose spanning elementary subgraph H corresponds to the term a1π(1)...anπ(n).

The sign of π is (−1)n−r(H)−c(H)2c(H).
Finally, each spanning elementary subgraph gives rise to 2c(H) terms in the

summation, since each cycle can be associated with a cyclic permutation in two
ways. All these observations will complete the required proof. �

Theorem 3.12. If G is an r-regular graph with n vertices {1, 2, ..., n} and

PND(G; ξ) = det(ξI −ND(G)) = ξn + b1ξ
n−1 + ...+ bn

is the characteristic polynomial of ND(G), then bk = rk
∑

(−1)r(H)+c(H)2c(H),
where the summation is taken over all the elementary subgraphs H of G with k
vertices, k = 1, 2, ..., n.

Proof. Observe that, bk is (−1)k times the sum of the principle minors of ND(G) of
order k, k = 1, 2, ..., n. By Theorem 3.11, we have the determinant of the sub-matrix
of order k of ND(G) as follows:

bk = rk(−1)k
∑

(−1)k−r(H)−c(H)2c(H),

where the summation is taken over all elementary subgraphs H of G with k vertices.
�

Remark 3.1. For an r-regular graph G,

(i) The coefficient bk for k = 1, 2, ..., n also equals the sum of all k× k minors
of ND(G).

(ii) b1 = 0, b2 = −mr2, b3 = −2r3(Number of triangles in G) and bn =
rndet(A(G)).
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Corollary 3.13. Using the notations as in Theorem 3.12, if b2l+1 = 0, l = 0, 1, ...,
then G is bipartite.

Lemma 3.14. Let G be a bipartite graph with neighbourhood degree matrix ND(G).
If ξ is an neighbourhood degree eigenvalue of G with multiplicity l, then −ξ is also
an neighbourhood degree eigenvalue of G with multiplicity l.

Proof. Let V (G) = V1 ∪ V2 be two partitions of G. We can make |V1| = |V2| by
inserting isolated vertices if necessary, which will not affect the required result.
Since ND(G) only gets changed in the sense that some rows and columns with all
entries equal to zero are appended. Suppose |V1| = |V2| = k. Then by relabeling

the vertices if necessary, we may arrive at ND(G) =

[
0 B
B′ 0

]
, where order

of B is k × k. Let y be an eigenvector of ND(G) corresponding to ξ. Partition y
conformally so that we get[

0 B
B′ 0

] [
y(1)

y(2)

]
= ξ

[
y(1)

y(2)

]
.

Also one can easily verify that,[
0 B
B′ 0

] [
y(1)

−y(2)
]

= −ξ
[

y(1)

−y(2)
]
.

Thus, −ξ is also an eigenvalue of ND(G). It is also clear that, if there are k lin-
early independent eigenvectors for ξ, then we can construct k linearly independent
eigenvectors for −ξ according to the above said procedure which completes the
proof. �

Theorem 3.15. If G is a graph with n vertices and ND(G) is the neighbourhood
degree matrix of G, then the following statements are equivalent.

(i) G is bipartite graph.
(ii) if PND(G; ξ) = ξn + b1ξ

n−1 + ... + bn is the characteristic polynomial of
ND(G), then b2k+1 = 0, k = 0, 1, ...

(iii) the NBD-eigenvalues are symmetric with respect to the origin, that is if ξ is
an NBD-eigenvalue with multiplicity l, then −ξ is also an NBD-eigenvalue
with same multiplicity.

Proof. From Lemma 3.14, it is immediate that (i) =⇒ (iii)
Now we have to show, (iii) =⇒ (ii).
Let ξi,−ξi for i = 1, 2, ..., l be the nonzero NBD-eigenvalues. Here ξi, i = 1, 2, ..., l
are not necessarily distinct. Therefore, zero is also a NBD-eigenvalue with multi-
plicity (n − 2l). Then the characteristic polynomial of ND(G) equals ξn−2l(ξ2 −
ξ21), ..., (ξ2 − ξ2l ) which follows that b2l+1 = 0, k = 0, 1, ... and hence (ii) holds.

Finally, it is immediate from Corollary 3.13 that, (ii) =⇒ (i) which completes
the proof. �

4. Bounds for neighbourhood degree energy of a graph

If ξi for i = 1, 2, ..., n are the neighbourhood degree eigenvalues of a graph G
with n vertices, then

n∑
i=1

ξi = 0 (4.1)
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and

n∑
i=1

ξ2i = Trace[(ND(G))2]

=

n∑
i=1

n∑
j=1

(nd)ij · (nd)ji

= 2
∑
i∼j

dj · di

= 2
∑

vivj∈E(G)

di · dj

= 2M2(G). (4.2)

Theorem 4.1. If G is a graph of order n, then

ξ1 ≤
√

2M2(G)(n− 1)

n
, (4.3)

where ξ1 is the neighbourhood degree spectral radius of G.

Proof. Let ξ1, ξ2, ..., ξn are the neighbourhood degree eigenvalues of G. Then by
substituting ai = 1 and bi = ξi for i = 2, 3, ..., n in Cauchy-Schwarz inequality [1],
we get the desired result as follows:(

n∑
i=2

ξi

)2

≤ (n− 1)

(
n∑
i=2

ξ2i

)
. (4.4)

From (4.1) and (4.2), we get

n∑
i=2

ξi = −ξ1 and

n∑
i=2

ξ2i = 2M2(G)− ξ21 .

Therefore, (4.4) becomes

(−ξ1)2 ≤ (n− 1)(2M2(G)− ξ21),

which yields the required result. �

Theorem 4.2. [9] If G is a graph of order n, then

ξ1 ≥ δ
√
M1(G)

n
, (4.5)

where δ = min{di}, for i = 1, 2, ..., n and equality holds for regular graphs.

Theorem 4.3. If G is a graph of order n, then√
2M2(G) ≤ END(G) ≤

√
2nM2(G).

Proof. Let ξ1, ξ2, ..., ξn are the neighbourhood degree eigenvalues of G. Then by
substituting ai = 1 and bi = |ξi| for i = 2, 3, ..., n in Cauchy-Schwarz inequality [1],
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we get (
n∑
i=1

|ξi|

)2

≤ n

n∑
i=1

|ξi|2

END(G)2 ≤ n2M2(G)

END(G) ≤
√

2nM2(G).

Further,

END(G)2 =

(
n∑
i=1

|ξi|

)2

≥
n∑
i=1

|ξi|2 = 2M2(G).

Therefore,

END(G) ≥
√

2M2(G).

Hence, √
2M2(G) ≤ END(G) ≤

√
2nM2(G).

�

Theorem 4.4. If G is a graph of order n, then

END(G) ≥ 2
√
M2(G).

Equality holds if and only if the graph G has exactly one positive and exactly one
negative eigenvalue. This, in turn, is the case if and only if one component of G is
complete bipartite graph and all its other components are isolated vertices.

Proof. We know that,

END(G)2 =

(
n∑
i=1

|ξi|

)2

=

n∑
i=1

|ξi|2 + 2
∑
i<j

|ξiξj |

= 2M2(G) + 2
∑
i<j

|ξiξj |. (4.6)

Clearly, M2(G) ≤
∑
i<j

|ξiξj |, substituting this in (4.6), we get

END(G) ≥ 2M2(G) + 2M2(G) = 4M2(G),

which yields the required result. �

Theorem 4.5. If G is an r-regular graph of order n and ξi for i = 1, 2, ..., n are
the neighbourhood degree eigenvalues of G, then

(i)
n∑
i=1

ξ2i = 2mr2 where m = |E(G)|.

(ii) ξ1 ≤
√

2mr2(n−1)
n .

(iii) END(G) = rEA(G) where EA(G) is the energy G corresponding to the
adjacency matrix.
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Proof. We know that, for an r-regular graph G, M2(G) = mr2. Therefore, from
(4.2) and Theorem 4.2, we get the desired results (i) and (ii).

To prove (iii), consider λi for i = 1, 2, ..., n are the eigenvalues of A(G), then
clearly ξi = rλi for i = 1, 2, ..., n are the eigenvalues of ND(G).
Note that, for an r-regular graph G from Theorem 3.2, we have

ND(G) = rA(G).

Therefore,

END(G) =

n∑
i=1

|ξ|

= r

n∑
i=1

|λi|

= rEA(G).

�

5. Neighbourhood degree energy of graph operations

Let A ∈ Rm×n, B ∈ Rp×q. Then the Kronecker product of A and B is defined
as the matrix

A⊗B =

a11B . . . a1nB
...

. . .
...

am1B . . . amnB


Proposition 5.1. [10] Let A ∈ Mm and B ∈ Mn. Furthermore, let λ be an
eigenvalue of matrix A with corresponding eigenvector x, and µ an eigenvalue of
matrix B with corresponding eigenvector y. Then λµ is an eigenvalue of A ⊗ B
with corresponding eigenvector x⊗ y.
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b b
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Figure 5. The graph G with its vertex splitting graph S′(G) and
shadow graph D2(G).
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Definition 1. The vertex splitting graph [16] S′(G) of a graph G is obtained from
G by adding for each vertex v of G a new vertex v′ so that v′ is adjacent to every
vertex that is adjacent to v (See figure 5).

Theorem 5.2. If G is a graph of order n, then

END(S′(G)) = 2
√

3END(G).

Proof. Let v1, v2, ..., vn be the vertices of the graph G. Then its neighbourhood
degree matrix is given by

ND(G) =



v1 v2 v3 ... vn

v1 0 nd12 nd13 . . . nd1n
v2 nd21 0 nd23 . . . nd2n
v3 nd31 nd32 0 . . . nd3n
...

...
...

...
. . .

...
vn ndn1 ndn2 ndn3 . . . 0


Let u1, u2, ..., un be vertices corresponding to v1, v2, ..., vn, which are added in G
to obtain S′(G), such that, Nvi(G) = Nui

(S′(G)), i = 1, 2, ..., n. Then ND(S′(G))
can be written as a block matrix as follows,
ND(S′(G)) =

v1 v2 v3 ... vn u1 u2 u3 ... un

v1 0 2(nd12) 2(nd13) . . . 2(nd1n) 0 nd12 nd13 . . . nd1n
v2 2(nd21) 0 2(nd23) . . . 2(nd2n) nd21 0 nd23 . . . nd2n
v3 2(nd31) 2(nd32) 0 . . . 2(nd3n) nd31 nd32 0 . . . nd3n
...

...
...

...
. . .

...
...

...
...

. . .
...

vn 2(ndn1) 2(ndn2) 2(ndn3) . . . 0 ndn1 ndn2 ndn3 . . . 0

u1 0 2(nd12) 2(nd13) . . . 2(nd1n) 0 0 0 . . . 0
u2 2(nd21) 0 2(nd23) . . . 2(nd2n) 0 0 0 . . . 0
u3 2(nd31) 2(nd32) 0 . . . 2(nd3n) 0 0 0 . . . 0
...

...
...

...
. . .

...
...

...
...

. . .
...

un 2(ndn1) 2(ndn2) 2(ndn3) . . . 0 0 0 0 . . . 0


That is,

ND(S′(G)) =

[
2ND(G) ND(G)
2ND(G) 0

]
=

[
2 1
2 0

]
⊗ND(G).

Hence,

Spec(S′(G)) =

( (
1−
√

3
)
ξi

(
1 +
√

3
)
ξi

n n

)
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where ξi, i = 1, 2, ..., n, are the neighbourhood degree eigenvalues of G, while(
1±
√

3
)

are the eigenvalues of

[
2 1
2 0

]
. Therefore,

END(S′(G)) =

n∑
i=1

∣∣∣(1±
√

3
)
ξi

∣∣∣
=

n∑
i=1

|ξi|
[
−1 +

√
3 + 1 +

√
3
]

= 2
√

3END(G).

�

Corollary 5.3. If G is an r-regular graph, then

END(S′(G)) = 2r
√

3EA(G).

Definition 2. The shadow graph [6] D2(G) of a connected graph G is constructed
by taking two copies of G, say G′, G′′ and joining each vertex v′ in G′ to the
neighbors of the corresponding vertex v′′ in G′′.

Theorem 5.4. If G is a graph of order n, then

END(D2(G)) = 4END(G).

Proof. Let v1, v2, ..., vn be the vertices of the graph G. Then its neighbourhood
degree matrix is given by

ND(G) =



v1 v2 v3 ... vn

v1 0 nd12 nd13 . . . nd1n
v2 nd21 0 nd23 . . . nd2n
v3 nd31 nd32 0 . . . nd3n
...

...
...

...
. . .

...
vn ndn1 ndn2 ndn3 . . . 0


Let u1, u2, ..., un be vertices corresponding to v1, v2, ..., vn, which are added in G
to obtain D2(G), such that, Nvi(D2(G)) = 2Nvi(G) = Nui(D2(G)), i = 1, 2, ..., n.
Then ND(D2(G)) can be written as a block matrix as follows,
ND(S′(G)) =

v1 v2 v3 ... vn u1 u2 u3 ... un

v1 0 2(nd12) 2(nd13) . . . 2(nd1n) 0 2(nd12) 2(nd13) . . . 2(nd1n)
v2 2(nd21) 0 2(nd23) . . . 2(nd2n) 2(nd21) 0 2(nd23) . . . 2(nd2n)
v3 2(nd31) 2(nd32) 0 . . . 2(nd3n) 2(nd31) 2(nd32) 0 . . . 2(nd3n)
...

...
...

...
. . .

...
...

...
...

. . .
...

vn 2(ndn1) 2(ndn2) 2(ndn3) . . . 0 2(ndn1) 2(ndn2) 2(ndn3) . . . 0

u1 0 2(nd12) 2(nd13) . . . 2(nd1n) 0 2(nd12) 2(nd13) . . . 2(nd1n)
u2 2(nd21) 0 2(nd23) . . . 2(nd2n) 2(nd21) 0 2(nd23) . . . 2(nd2n)
u3 2(nd31) 2(nd32) 0 . . . 2(nd3n) 2(nd31) 2(nd32) 0 . . . 2(nd3n)
...

...
...

...
. . .

...
...

...
...

. . .
...

un 2(ndn1) 2(ndn2) 2(ndn3) . . . 0 2(ndn1) 2(ndn2) 2(ndn3) . . . 0
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That is,

ND(S′(G)) =

[
2ND(G) 2ND(G)
2ND(G) 2ND(G)

]
=

[
2 2
2 2

]
⊗ND(G).

Hence,

Spec(D2(G)) =

(
(4) ξi (0) ξi
n n

)
where ξi, i = 1, 2, ..., n, are the neighbourhood degree eigenvalues of G, while 4, 0

are the eigenvalues of

[
2 2
2 2

]
. Therefore,

END(S′(G)) =

n∑
i=1

|(4 + 0)ξi|

= 4

n∑
i=1

|ξi|

= 4END(G).

�

Corollary 5.5. If G is an r-regular graph, then

END(D2(G)) = 4rEA(G).

6. Conclusion

A new graph matrix is defined in this paper, called neighbourhood degree ma-
trix and the comparison of neighbourhood degree energy with adjacency energy and
degree exponent energy are plotted and studied linear regression analysis of neigh-
bourhood degree energy (NDE) and adjacency energy (AE) with standard enthalpy
of vaporization (DHVAP). From this matrix, one can easily compute some degree
based topological indices namely, first Zagreb index, second Zagreb index, forgotten
topological index, first general Zagreb index and general product-connectivity index
etc. In addition, we presented bounds for the neighbourhood degree energy and
neighbourhood degree spectral radius. The closed forms for neighbourhood degree
energy of regular graphs and complete bipartite graphs are obtained. Some relations
connecting neighbourhood degree energy to energy corresponding to adjacency ma-
trix of the given graph are discussed. The exact expressions for neighbourhood
degree energy of some graph operations are obtained in terms of neighbourhood
degree energy of original graph.
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